The dynamic response of a transducer array made up of circular flexural plates in immersion is analytically calculated. The calculation method includes three steps: (1) the calculation of parallel resonant frequency and the velocity profile of each plate, (2) the calculation of mutual acoustic impedance between the plates, and (3) the calculation of velocity response, including the mechanical and acoustic impedance. The calculation method is validated by both finite element analysis and measurement results of a fabricated capacitive micromachined ultrasonic transducer. Based on the calculated velocity, the near-field pressure and the near-to-far field radiation patterns are presented. The flexural plate array in immersion displays two modes of operation. At low frequency, the mode shape of the transducer array is similar to that of a suspended plate and, at certain frequencies, two groups of plates move in opposite phase, which results in the cancellation of the average velocity. At high frequency, the mode shape is similar to that of a piston transducer; however, the near-field pressure distribution is similar to that of a resilient disk.
I. INTRODUCTION
Acoustic impedance is one of the key parameters of acoustic transducers as it is directly translated into the efficiency of acoustic transducers. In the case of a transducer array used to generate a directional sound wave, the interaction between each transducer unit introduces additional acoustic impedance which is defined as mutual acoustic impedance. The effect of the mutual acoustic impedance is significant, especially when the transducers radiate sound into a liquid medium. 1 Since Pritchard 2 presented the calculation method of the mutual acoustic impedance of circular piston transducers, the mutual acoustic impedance has been investigated on different transducer configurations, including rectangular pistons, 3 spheres, 4 and flexural disks. 5 Based on these theoretical backgrounds, focusing on the calculation method of the mutual impedance of two transducers, Lee recently introduced the lumped acoustic impedance of a piston transducer array and the optimal parameters of the array design. 6 The mutual acoustic impedance has a significant impact on flexural mode transducers, such as piezoelectric micromachined ultrasound transducers (PMUTs), and capacitive micromachined ultrasonic transducers (CMUTs). Compared to piston transducers, the flexural mode transducers have much lower mechanical impedance with respect to the liquid medium. Thereby, the medium properties and the operating frequency highly affect the velocity profile of the plate. 7 Accordingly, the change of the velocity profile results in different acoustic impedance of the transducer. 8 Therefore, both the velocity profile of the plate and the mutual acoustic impedance affect the behavior of flexural mode transducers. Ballandras investigated the response of a periodic structure consisting of an infinite number of plates by using finite element analysis (FEA) and presented that the mutual acoustic impedance takes an important role in the dynamic response of the transducer array (i.e., a multi-plate transducer). 9 Recently, several researches have been performed on arrays of flexural mode transducers by investigating CMUTs. Caronti 10 reported FEA results on a 1-D CMUT array and presented that the mutual acoustic impedance through the liquid represented a major source of the cross coupling. Senlik 11 focused on the lumped acoustic impedance of CMUTs with several design parameters. Meynier 12 presented the analytic calculation of CMUTs, having a periodic pattern of plates. This paper presents the analytic calculation method and its results by modeling the CMUTs of arbitrary configuration. The results of the calculation are the dynamic response of each plate of the CMUT and the pressure distribution of the multi-plate transducer with an arbitrary configuration. In Sec. II, the definitions of the model are set forth. They are followed by the calculation of the velocity profile of each plate. The calculation method of dynamic response is presented based on the calculated velocity profile. In Sec. III, the velocity response of the CMUT is presented. The calculation method is validated by FEA and the measurement of fabricated devices. In Sec. IV, the pressure distribution of the CMUT is presented and compared to that of the piston transducer. The general aim of this paper is to provide a full description of the calculation of the frequency response of CMUTs, including mutual acoustic impedance, and to present the differences between the CMUTs and the piston transducers in dynamic response and pressure field. a) Author to whom correspondence should be addressed. Electronic mail:
kwankyup@stanford.edu
II. MODELING OF MULTIPLE FLEXUTAL PLATES A. Definition of Problem
The dynamic behaviors of flexural mode transducers are highly dependent on the mechanical properties of the transducers, as well as acoustic boundary conditions. Therefore, the definition of the problems with appropriate transducers' properties and acoustic boundary conditions should be introduced. This paper is based on the following assumptions, which are valid in the case of typical flexural mode transducers.
(1) A unit transducer array is made of circular plate transducers, which are located in a rigid baffle. The dimensions of all plates are identical. (2) All plates are actuated by uniformly distributed electrostatic pressure. The excitation pressure on plates are in the same magnitude and phase. (3) The top side of the plates is loaded by uniformly distributed acoustic pressure from the medium. (4) A unit plate operates as a flexural mode transducer with a clamped edge. The velocity profile of the plate is axial symmetric and is only dependent on the operating frequency.
B. Velocity profile of single plate
Based on the assumptions noted prior, the velocity profile of the plate is modeled as
where r 0 is the point of interest and r is the radius of the plate. Consequently, the axial symmetry and the clampededge condition introduce:
where n is an even number due to the symmetry of the plate. However, the variation of the velocity profile should be considered, especially when the model is calculated in a wide range of frequency higher than the first harmonic frequency. Figure 1 (a) represents the velocity profile of a circular plate in a fluid as a function of the operating frequency. According to Senlik, 11 the velocity profile is dependent on the ratio between the operating frequency, f, and the parallel resonant frequency, f p , at which point the average displacement of the plate becomes minimum (see appendix). In this paper, Eq. (1) is simplified into an eighth order polynomial, which is a trade-off between the error of fitting and computation time. The velocity profile coefficients, a n , are extracted from the FEA by least-square fitting [ Fig. 1(a) ]. When a 0 is 1, the extracted four a n as a function of frequency are shown in Fig. 1(b) . It is useful to express a n as a polynomial for future use as in
The coefficients b m,n , are listed in Table I . It should be noted that the calculation of f p is important to estimate the velocity profile of the plate. In the case of the plate in air, f p is close to the second harmonic frequency. When the plate is immersed in a fluid, the acoustic loading affects the dynamics of the plate. In this case, the f p is calculated by the FEA 11 or by an analytic method as proposed in this paper (see the appendix). Table I . 
C. Acoustic impedance
The acoustic radiation impedance of a circular plate in a rigid baffle with various velocity profiles was introduced by Porter. 5 The self-radiation impedance, referred to the average normal surface velocity, (Z 11 ) of the velocity profile in Eq. (1) is
where q and c are the density and the speed of sound of the medium, respectively. When there is more than one plate which generates sound to the surrounding medium, the acoustic radiation impedance of one plate is affected by its neighboring plates. Consider two plates which are separated by a center-to-center distance of d, then the acoustic impedance of the first plate is defined as
where t i is the averaged velocity of the ith plate based on volume displacement (t i ¼ Ð r 0 2pr 0 u i dr o =pr 2 ), and Z 12 the represents mutual acoustic impedance between two plates. The closed form of the mutual acoustic impedance of the piston transducer was derived by Pritchard. 
It is important to note that Eq. (5) is a subset of Eq. (8), when d ¼ 0. Equation (7) can be extended for a large number of plates. For a transducer array with N plates, the total acoustic radiation impedance of ith plate is 3 :
where Z acoustic,i is the acoustic radiation impedance of the ith plate, which has (N À 1) neighboring plates.
D. Dynamics of multiple plates
Calculation of the dynamic response of each plate is calculated based on the acoustic radiation impedance and the acoustic impedance of the plate. When a harmonic pressure, P is applied on the ith plate, the average velocity of the plate can be calculated as
where Z m is a acoustic impedance of the plate. In this paper, Z m is calculated using the equation derived by Mason 13 (see the appendix). Equation (10) presents that all the velocities of N plates are coupled to each other. Therefore, the velocity of all plates should be calculated simultaneously as:
Please note that P and Z m are identical to all plates as defined. Additionally, Eq. (11) should be calculated at each frequency, since Z m , Z ij are functions of frequency. The calculated t i as a function of frequency presents the behavior of the transducer in a wide range of frequency.
III. VELOCITY RESPONSE
This section reports on the velocity response of a multiplate transducer. Two devices were designed and the velocity of an individual plate and the lumped velocity of all plates were calculated. The calculated results were compared to the results from FEA for validation. Additionally, the calculated results were compared to the measured displacement of a fabricated device.
A. Device description
Arrays of micro-fabricated circular plates immersed in water were considered in this calculation; the properties of the clamped-edge plates and the medium are presented in Table II . Two transducer arrays consist of the silicon plates, which are close-packed in hexagonal distribution; the first and the second transducer arrays are made of 19 plates (design A) and 169 plates (design B), respectively; as shown in Figs. 2(a) and 2(b) .
B. Velocity response
The average velocity responses of the plates of the two devices were calculated using Eq. (11) . In order to solve (11) , Z m and Z ij at each frequency should be precalculated. Z m was calculated based on the material properties in Table II and Eq. (A1) in the appendix. Z ij was calculated by using Eq. (8) and the location of plates as shown in Fig. 2 . The calculated t i , as a function of frequency, is plotted in Fig. 3 . It is impractical to plot the frequency response of all the plates but, for easier interpretation, three velocity responses were selected: the velocity response of the center plate, the corner plate, (depicted in Fig. 2) , and the average velocity of all plates. Based on the pattern of the frequency response, two operation regions were observed. In the low frequency range (up to 2.5 MHz) the amplitude and phase of the average velocity of each plate exhibit large variations at some frequency. In this "flexible-transducer mode," the plate velocities cancel out each other and local minima of the average velocity are observed at specific frequencies. In design A, the minimum located at 2.01 MHz, whereas in design B, minima are located at 1.25 MHz, 1.63 and 1.89 MHz. Above 2.5 MHz, the amplitude and phase of the velocity of the plates present gradual changes as functions of the frequency and do not introduce any cancellation in the average velocity. This "inflexible-transducer mode" holds to the parallel resonant frequency (f p ), 12 MHz, at which all t i ¼ 0.
The calculated results were validated by FEA. The FEA of the CMUT was performed using the commercial package COMSOL (Version 4.2a, COMSOL, Inc., Burlington, MA). The CMUT plates and the medium on top of the plates are included in the FEA model and calculated by the "AcousticSolid Interaction, Frequency Domain (acsl)" module. The medium was in the shape of a trimmed hemisphere and covered all plates. The mesh size of the medium was less than 1/10 of the sound wavelength at the frequency of interest. The mesh size of the plate was less than 1/10 of the plate radius. The FEA of the CMUT required a lot of computation power. The FEA model for design B has 2.8 million meshes, which generated 6.7-million degree-of-freedom equations.
The typical computation time was 5880 s at each frequency, which was 200 times more than that of the analytic calculation (Intel Xeon, 3.3 GHz quad core CPU, 32 GB memory).
The average velocities of all plates in device A and B are extracted from FEA and compared to those of analytic the calculation, as shown in Fig. 4 . The average velocity response agrees well with the result from FEA in terms of (1) the frequency of the local maxima and the local minima of the average velocity, (2) the magnitude of the maximum velocity, and (3) 
at the edge of the transducer have different phase compared to other plates, i.e., inner plates. As shown in Fig. 3 , the inner plates and the edge plates have a difference in phase of less than 40 and have the velocities of the similar order of magnitude above 4 MHz. To be concise, the whole transducer array is moving together, except the small phase delay of the edge plates in the inflexible-transducer mode.
C. Displacement measurement
One of the purposes of having the model include the analytic calculations and the FEA methods discussed in this paper is to help estimate the performance of the transducer in the design phase. Therefore, it is informative to validate the calculation result by measuring the dynamic response of the actual device; CMUTs were selected for the measurement for this purpose. The CMUTs agree with the assumption in Sec. II; 14 the CMUTs consist of many flexural plates, which are closely packed together. The edge of each plate is clamped to a substrate, i.e., a rigid baffle. All plates are electrically connected and actuated by a capacitive force; therefore, the same forces in the amplitude and phase are applied on all plates. The detailed descriptions of the CMUT are well presented by Ergun. 15 The device is fabricated by the LOCOS/wafer-bonding process 16 to realize the design B as shown in the previous section. In the fabrication process, the thin silicon plate is bonded on silicon dioxide structures which have pre-defined cavities, as shown in Fig. 7(a) . The configuration of the predefined cavity is in a circular shape to realize the circular plate, thereby fulfilling the requirements in Sec. II A. A single transducer unit (an element) is made up of several plates, distributed in a hexagonal configuration, as shown in Fig. 7(b) . By applying AC voltage superposed on DC bias voltage between the plate and the silicon substrate, all the plates are actuated by capacitive forces of the same amplitude and phase; and they generate sound waves in the medium above the plates.
The dynamic responses of the plates are measured by a laser Doppler vibrometer (LDV). The device is immersed in vegetable oil, which is electrically insulating but still has similar acoustic properties to water, and actuated by an AC signal at an excitation frequency. The LDV measures the displacement response in time domain at a specific location of the transducer. By changing the location of the measurement spot (using XY stage), dynamic response of all plates can be extracted, as shown in Fig. 8 . The fabricated device is measured at three frequencies, which are depicted in Fig. 8(a) . The first frequency is the fundamental frequency of the flexible-transducer mode (0.67 MHz), at which point all the plates are moving in the same phase. The second frequency is 1.26 MHz, at which the first local minimum of the average velocity is observed. The third frequency is the frequency of the inflexible-transducer mode (4 MHz). The snapshots of measured displacement in Figs The complex shapes of the transducer at frequencies in the flexible-transducer mode have been observed previously. 9, 10, 12 However, they focused on 1-D linear array, which has only a few vibrating plates along the width of the unit transducer. Due to the limited number of the plates along the direction of interest, the previous work presented that the complex shape existed but did not clearly show the out-of-phase motion of the transducer. The transducers in this work have a large aperture size and several shapes of motion as shown in Figs. 6 and 8 . Therefore, it is worthy to evaluate the pressure distribution in both near-field and farfield as an extension of the investigation on the complex motions of the transducer.
IV. PRESSURE RESPONSE
A. Near-field pressure distribution
The response shape of the transducer array made up of multiple flexural plates is different from the mode shape of a piston transducer. In the flexible-transducer mode, the transducer array behaves like a suspended hexagonal resilient disk and presents an out-of-phase vibration motion at several frequencies. In the inflexibletransducer mode, most of the plates vibrate in-phase, except the edge plates have a phase delay with respect to the inner plates. Therefore, the distribution of generated sound wave should not be similar to that of conventional piston transducers.
In order to evaluate the near-field pressure distribution, the pressure of the device B is calculated by Rayleigh integral method, 17 based on the velocity responses of all plates in Fig. 4 . The calculation is performed on the area depicted in Fig. 9 (a) at five frequencies: three frequencies in the flexible-transducer mode (0.789 MHz, 1.232 MHz and 1.674 MHz) and two frequencies in the inflexible-transducer mode (3.2 MHz and 6.13 MHz), as depicted in Fig. 9(b) .
The calculated pressure distributions of the device B at the five frequencies are presented in Figs. 10(a)-10 (e). Note that the pressure level is normalized by
For the sake of comparison, the pressure distributions of a piston transducer, with the same effective radius and operating frequency, are calculated. The piston transducer has a radius of the effective radius (r eff ) on the device B [shown as the biggest circle in Fig. 2(b) ] and has the velocity of
The calculated pressure fields of the piston transducer are normalized and plotted in Figs. 10(f)-10(j) .
The comparisons shown in Fig. 9 clearly indicate the characteristics of the near-field pressure of a multi-plate transducer. In the flexible-transducer mode, there are dramatic variations of pressure on the surface of the transducer. In particular, at 1.232 MHz and 1.674 MHz, the level of the surface pressure is much higher than P 0 . However, the pressure is rapidly cancelled out in further fields [Figs. 10(b) and 10(c)]. In the inflexible-transducer mode, the dramatic variations of the surface pressure disappear and the surface pressure converges to P 0 [ Figs. 10(d) and 10(e) ]. Although the mode is named as the inflexible-transducer mode, the surface pressure distribution of the mode is different to that of the piston transducer in Figs. 10(i) and 10(j); in a typical piston transducer, there are fluctuations of the surface pressure ranging from 0 to 2 Â P 0 . The near-field pressure distribution of the multi-plate transducer is similar to that of a resilient plate; Mellow 18 presented the analytic solution of the pressure distribution of a circular resilient disk, which has a uniform surface pressure.
B. Far-field pressure
In the actual applications of transducers, the far-field radiation pattern is more important than the near-field pattern. Therefore, in order to examine the differences in the far-field, the radiation pressure pattern in the far-field is calculated along the arc line, which is equidistant from the center of the transducer. The distance between the transducer and the point of calculation (z) is 25 mm, at which the Fresnel parameter, S (S ¼ zk=r ef f 2 ) is more than 1 (i.e., far-field). When z ¼ 25 mm, S is 4000 at 0.1 MHz and 33 at 12 MHz. At each frequency, the pressures along the equidistant line are calculated by Rayleigh integral and normalized to the maximum pressure in the line to present the normalized radiation pattern. Figure 11 presents the radiation patterns of the piston transducer and the CMUT of the same effective radius at wide range of frequency. The piston transducer [ Fig. 11(a) ] and the CMUT [ Fig. 11(b) ] have the similar radiation patterns at high frequencies (more than 3 MHz), which correspond to the inflexible-transducer mode; both transducers present similar location of the null, at which the pressure has a local minimum. On the contrary, in the flexible-transducer mode (low frequency), there are several frequencies at which the pattern of the CMUT significantly differs from that of the piston transducer [see Fig. 11(c)] ; the CMUT presents the outof-phase motion at these frequencies as shown in Fig. 6 . In order to exam the radiation patterns of two transducers, several frequencies are selected, and the radiation patterns at those frequencies are plotted in a polar coordinate (Fig. 12) . When the CMUT presents the out-of-phase motion, the radiation patterns of the CMUT show strong nulls, which locate at 60 from the on-axis as shown in Fig. 12(b) . Due to the nulls, the CMUT presents a more directive radiation pattern than the piston transducer. Except these frequencies, similar radiation patterns are observed in both the piston and the CMUT [ Fig. 12(a) ]. Please note that, the CMUT has weaker destructive interference than the piston transducer, and the radiation does not go to zero at the nulls [ Fig. 12(a) ].
V. DISCUSSION
The main application of the calculation method is to estimate the performance of multi-plate transducers, including CMUTs. The advantage of the proposed method is that it allows incorporation of the following three considerations: (1) estimation of the parallel resonant frequency of a plate and utilizing it in the frequency response calculation, (2) calculations based on an arbitrary number of plates at arbitrary locations, and (3) prediction of the location of the null frequencies at which the average velocity becomes local minima. Additionally, the calculation method proposed in this paper can be expended to include the calculation of the pressure response and the input impedance of a transducer. It is especially important to estimate the null frequency in the design step as it has major influence on the 3-dB bandwidth of the transducer.
There are several comments on the assumptions in the Sec. II A. The assumption (2) implies the electrical boundary conditions of all plates are identical to each other. In general, the same excitation voltage is applied to all plates and the applied voltage is not dependent on the location of the plates. The uniformly distributed electrostatic force on the plate is valid when the deflection of the plate is much smaller than the effective gap height between the two electrodes (i.e. top electrode and the substrate). Assumption (3) was necessary in order to develop the calculation method presented in this paper. Porter 5 defined the acoustic radiation impedance as
whereas Mason 13 defined the acoustic impedance as the ratio of the mean pressure to the mean velocity of the plate. When the pressure on the plate is uniform, these two definitions give the same result. In addition, the pressure non-uniformity on the plate did not significantly affect the velocity profile of the plate as shown in the FEA results in Figs. 5 and 6. As shown in Figs. 5(d) and 6(d) , the non-uniformity of the acoustic pressure starts to alter the velocity profiles of some plates. However the effect is limited for the edge plates at the high frequency.
All the calculations in this paper assume a quasi-CW operation. The model assumes that the CW excitation is applied on the transducer and the transducer is in steadystate condition in the amplitude and phase of the oscillation. These assumptions enable Eq. (11), which assumes that one plate interacts with all neighboring plates. Thereby, if the size of the transducer is larger than the wavelength of the sound inside the medium, the estimation of the dynamic behavior of multi-plate transducer in the first few cycles of burst signal is out of the scope of the calculation method. On the contrary, the predictions of a CW-mode operation of the device, such as high intensity focused ultrasound (HIFU) operation, or a quasi-CW operation of an ultrasound transducer array, fall into the applicable range of this calculation.
The near-field pressure distributions show that CMUTs are different from piston transducers. At the null frequency in the flexible-transducer mode, the plate responses distort the pressure pattern from the near field to the far field. Even in the inflexible-transducer mode, as shown in Figs. 10(d) and 10(e), the pressure on the surface of the CMUT is more uniformly distributed around P/P 0 and the distribution is more similar to the circular resilient disk 18 than the piston transducer. Additionally, Fig. 10(e) does not present the rapid changes of pressure in the Fresnel zone as shown in Fig. 10(j) . Therefore, the CMUT may not be considered as a piston transducer in both the flexible-transducer mode and the inflexible-transducer mode in the near-field pressure calculation.
VI. CONCLUSION
This paper presents a method used to calculate the dynamic response of a multi-plate acoustic transducer. The velocity responses of many plates are calculated in the frequency domain based on the acoustic impedance of the plate and the mutual acoustic impedance from the neighboring plates. The calculation method is validated by FEA and the measurement of a fabricated CMUT immersed in liquid. This multi-plate transducer presents two operating conditions: (1) the flexible-transducer mode in the low frequency range and (2) the inflexible-transducer mode in the high frequency range. In the flexible-transducer mode, the mode shape of the transducer is similar to that of the suspended plate, whereas, in the inflexible-transducer mode, the mode shape is similar to that of a piston. The pressure distribution of the inflexible-transducer mode is similar to that of a single resilient disk.
This calculation method can be used as an alternative tool over FEA to calculate the mechanical response of multiplate transducers, including CMUTs. The computation time of the proposed method is much faster than the FEA, and thus, design optimization and studies of various multi-plate transducers can be performed significantly faster. In addition, this calculation method can be incorporated into the calculation of other key parameters of transducers, including output pressure response, and fractional bandwidth. The multi-plate transducers show the null frequencies, at which the average velocity becomes locally minimum. The prediction of the null frequencies is an important feature of the calculation method. In the design step of the transducer, the null frequency should be moved away from the operating frequency in order to maintain an appropriate mode and sustain wide bandwidth.
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